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Abstract. We establish a q-analogue of Sun–Zhao’s congruence on harmonic sums. Based
on this q-congruence and a q-series identity, we prove a congruence conjecture on sums
of central q-binomial coefficients, which was recently proposed by Guo. We also deduce a
q-analogue of a congruence due to Apagodu and Zeilberger from Guo’s q-congruence.
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1 Introduction
In combinatorics, the numbers
(
2k
k
)
are called central binomial coefficients. In 2011, Sun
and Tauraso [10] proved that for any prime p ≥ 5,
p−1∑
k=0
(
2k
k
)
≡
(p
3
)
(mod p2), (1.1)
where
(
·
p
)
denotes the Legendre symbol. Similar congruences on sums of combinatorial
sequences have been widely studied (see, for example, [3, 9, 10]).
In 2017, Apagodu and Zeilberger [3] utilized an algorithm to find and prove some
congruences on indefinite sums of many combinatorial sequences such as Catalan numbers,
Motzkin numbers and central binomial coefficients. In particular, Apagodu and Zeilberger
[3, Proposition 4] showed that for any prime p ≥ 5,
p−1∑
i=0
p−1∑
j=0
(
i+ j
i
)2
≡
(p
3
)
(mod p), (1.2)
which they also conjectured holds modulo p2.
In 2010, Sun and Zhao [11] proved that for any positive odd integer n and prime
p ≥ n+ 1,
∑
0<i1<···<in<p
(
i1
3
)
(−1)i1
i1 · · · in
≡ 0 (mod p). (1.3)
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The special case n = 1 of (1.3) reads as
p−1∑
k=1
(
k
3
)
(−1)k
k
≡ 0 (mod p). (1.4)
q-Analogues of congruences (also called q-congruences) were also widely discussed by
several authors (see, for instance, [2,4–8,12–14]). Recently, Guo and Zudilin [8] developed
a creative microscoping method to prove many interesting q-congruences.
To continue the story of (1.1), (1.2) and (1.4), we need some q-series notation. The
Gaussian q-binomial coefficients are defined as
[
n
k
]
=
[
n
k
]
q
=


(q; q)n
(q; q)k(q; q)n−k
if 0 6 k 6 n,
0 otherwise,
where the q-shifted factorial is given by (a; q)n = (1− a)(1− aq) · · · (1− aq
n−1) for n ≥ 1
and (a; q)0 = 1. The q-integers are defined by [n]q = (1− q
n)/(1− q). Moreover, the nth
cyclotomic polynomial is given by
Φn(q) =
∏
1≤k≤n
(n,k)=1
(q − e2kpii/n).
In this paper, we first establish a q-analogue of (1.4) as follows.
Theorem 1.1 For any positive integer n, we have
n−1∑
k=1
(
k
3
)
(−1)k
[k]q
q
k
3 (k−(
k
3 ))−
(k−1)(k−2)
6 ≡
(n
3
) (n
3
)
− n
6
q
n
2
−1
3 (1− q) (mod Φn(q)). (1.5)
The congruence (1.1) also possesses the following amazing q-analogue, which was re-
cently conjectured by Guo [4, Conjecture 4.1].
Theorem 1.2 For any positive integer n, we have
n−1∑
k=0
qk
[
2k
k
]
≡
(n
3
)
q
n
2
−1
3 (mod Φn(q)
2). (1.6)
Tauraso [12, Corollary 4.3] have showed that (1.6) holds modulo Φn(q). By using (1.5),
we shall prove that (1.6) holds modulo Φn(q)
2. Based on (1.6), we also give a q-analogue
of (1.2) by establishing the following more general result.
Theorem 1.3 For any positive integer n, we have
n−1∑
i=0
n−1∑
j=0
qj
2+i+j
[
i+ j
i
]2
≡
(n
3
)
q
n
2
−1
3 (mod Φn(q)
2). (1.7)
The rest of this paper is organized as follows. Section 2 is devoted to proving Theorem
1.1. We prove Theorems 1.2 and 1.3 in Sections 3 and 4, respectively.
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2 Proof of Theorem 1.1
Note that
n−1∑
k=1
(
k
3
)
(−1)k
[k]q
q
k
3 (k−(
k
3 ))−
(k−1)(k−2)
6 = −
⌊n−23 ⌋∑
k=0
(−1)kq
3k(k+1)
2
[3k + 1]q
−
⌊n−33 ⌋∑
k=0
(−1)kq
3k2+9k+4
2
[3k + 2]q
= −
⌊n−23 ⌋∑
k=−⌊n3 ⌋
(−1)kq
3k(k+1)
2
[3k + 1]q
,
where ⌊x⌋ denotes the integral part of real x. So (1.5) is equivalent to
⌊n−23 ⌋∑
k=−⌊n3 ⌋
(−1)kq
3k(k+1)
2
1− q3k+1
≡
(n
3
) n− (n
3
)
6
q
n
2
−1
3 (mod Φn(q)). (2.1)
We shall distinguish three cases to prove (2.1).
Case 1 n ≡ 0 (mod 3). This case is equivalent to
n−1∑
k=−n
(−1)kq3k(k+1)/2
1− q3k+1
≡ 0 (mod Φ3n(q)).
Let α be a primitive 3nth root of unity and
Ck =
(−1)kα3k(k+1)/2
1− α3k+1
.
It suffices to show that
n−1∑
k=−n
Ck = 0.
By α3n(n+1)/2 = (−1)n+1, we have
Cn−k = −C−k,
for 1 ≤ k ≤ n. It follows that
n−1∑
k=−n
Ck =
n∑
k=1
(Cn−k + C−k) = 0.
Case 2 n ≡ 1 (mod 3). It is equivalent to
n−1∑
k=−n
(−1)kq3k(k+1)/2
1− q3k+1
≡
n
2
q3n
2+2n (mod Φ3n+1(q)). (2.2)
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Letting k → k− n− 1 on the left-hand side of (2.2) and simplifying, we find that (2.2) is
equivalent to
2n∑
k=1
(−1)kqk(3k−1)/2
1− q3k−1
≡ −
n
2
(mod Φ3n+1(q)). (2.3)
To prove (2.3), it suffices to show that
2n∑
k=1
(−1)kζk(3k−1)/2
1− ζ3k−1
= −
n
2
, (2.4)
where ζ is a primitive (3n+ 1)th root of unity.
Note that
1
1− ζ3k−1
=
1
2
(
1
1− ζ (3k−1)/2
+
1
1 + ζ (3k−1)/2
)
,
and
ζk(3k−1)/2
1− ζ (3k−1)/2
=
1
1− ζ (3k−1)/2
−
k−1∑
s=0
ζ (3k−1)s/2,
(−1)kζk(3k−1)/2
1 + ζ (3k−1)/2
=
1
1 + ζ (3k−1)/2
−
k−1∑
s=0
(−1)sζ (3k−1)s/2.
Thus,
2n∑
k=1
(−1)kζk(3k−1)/2
1− ζ3k−1
=
1
2
2n∑
k=1
(
(−1)k
1− ζ (3k−1)/2
+
1
1 + ζ (3k−1)/2
)
−
1
2
2n∑
k=1
k−1∑
s=0
(
(−1)k + (−1)s
)
ζ (3k−1)s/2. (2.5)
Furthermore,
2n∑
k=1
k−1∑
s=0
(
(−1)k + (−1)s
)
ζ (3k−1)s/2
=
2n−1∑
s=0
2n∑
k=s+1
(
(−1)k + (−1)s
)
ζ (3k−1)s/2
= 2n+ 2
2n−1∑
s=1
(−1)sζs(3s+5)/2
1− ζ3s
+
2n−1∑
s=1
(
ζ (3n+1)s
1 + ζ3s/2
−
(−1)sζ (3n+1)s
1− ζ3s/2
)
= 2n+ 2
2n−1∑
s=1
(−1)sζs(3s+5)/2
1− ζ3s
+
2n−1∑
s=1
(
1
1 + ζ3s/2
−
(−1)s
1− ζ3s/2
)
. (2.6)
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Letting s→ 2n+ 1− k on the right-hand side of (2.6) gives
2n∑
k=1
k−1∑
s=0
(
(−1)k + (−1)s
)
ζ (3k−1)s/2
= 2n+ 2
2n∑
k=2
(−1)kζk(3k−1)/2
1− ζ3k−1
+
2n∑
k=2
(
ζ (3k−1)/2
1 + ζ (3k−1)/2
−
(−1)kζ (3k−1)/2
1− ζ (3k−1)/2
)
= 2n+ 2
2n∑
k=1
(−1)kζk(3k−1)/2
1− ζ3k−1
+
2n∑
k=1
(
ζ (3k−1)/2
1 + ζ (3k−1)/2
−
(−1)kζ (3k−1)/2
1− ζ (3k−1)/2
)
. (2.7)
Combining (2.5) and (2.7), we obtain
2n∑
k=1
(−1)kζk(3k−1)/2
1− ζ3k−1
=
1
4
2n∑
k=1
(
(−1)k(1 + ζ (3k−1)/2)
1− ζ (3k−1)/2
+
1− ζ (3k−1)/2
1 + ζ (3k−1)/2
)
−
n
2
= −n +
1
2
2n∑
k=1
(
(−1)k
1− ζ (3k−1)/2
+
1
1 + ζ (3k−1)/2
)
. (2.8)
Note that
2n∑
k=1
(
(−1)k
1− ζ (3k−1)/2
+
1
1 + ζ (3k−1)/2
)
=
2n∑
k=1
(
1
1− ζ (3k−1)/2
+
1
1 + ζ (3k−1)/2
)
− 2
n∑
k=1
1
1− ζ3k−2
= 2
2n∑
k=1
1
1− ζ3k−1
− 2
n∑
k=1
1
1− ζ3k−2
. (2.9)
Clearly,
2n∑
k=1
1
1− ζ3k−1
−
n∑
k=1
1
1− ζ3k−2
=
n∑
k=−n+1
1
1− ζ3k−2
−
n∑
k=1
1
1− ζ3k−2
=
0∑
k=−n+1
1
1− ζ3k−2
=
n∑
k=1
1
1− ζ3k−1
. (2.10)
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It follows from (2.8)–(2.10) that
2n∑
k=1
(−1)kζk(3k−1)/2
1− ζ3k−1
= −n +
n∑
k=1
1
1− ζ3k−1
= −n +
1
2
n∑
k=1
(
1
1− ζ3k−1
+
1
1− ζ3(n+1−k)−1
)
= −n +
1
2
n∑
k=1
(
1
1− ζ3k−1
+
1
1− ζ1−3k
)
= −
n
2
.
Case 3 n ≡ 2 (mod 3). Let ω be a primitive (3n + 2)th root of unity. Similarly to
the case n ≡ 1 (mod 3), it suffices to show that
2n+1∑
k=1
(−1)kωk(3k+1)/2
1− ω3k
= −
n + 1
2
. (2.11)
By using the same method as in the case n ≡ 1 (mod 3), we can get
2n+1∑
k=1
(−1)kωk(3k+1)/2
1− ω3k
=
1
2
2n+1∑
k=1
(
(−1)kωk/2
1− ω3k/2
+
ωk/2
1 + ω3k/2
)
−
1
2
2n+1∑
k=1
k−1∑
s=0
(
(−1)k + (−1)s
)
ω(3s+1)k/2. (2.12)
Clearly,
2n+1∑
k=1
k−1∑
s=0
(
(−1)k + (−1)s
)
ω(3s+1)k/2
=
2n∑
s=0
2n+1∑
k=s+1
(
(−1)k + (−1)s
)
ω(3s+1)k/2
= 2
2n∑
s=0
(−1)sω(s+2)(3s+1)/2
1− ω3s+1
−
2n∑
s=0
(
(−1)sω(3s+1)(n+1)
1− ω(3s+1)/2
+
ω(3s+1)(n+1)
1 + ω(3s+1)/2
)
. (2.13)
Letting s→ 2n+ 1− k on the right-hand side of (2.13) gives
2n+1∑
k=1
k−1∑
s=0
(
(−1)k + (−1)s
)
ω(3s+1)k/2
= 2
2n+1∑
k=1
(−1)kωk(3k+1)/2
1− ω3k
−
2n+1∑
k=1
(
(−1)kωk/2
1− ω3k/2
+
ωk/2
1 + ω3k/2
)
. (2.14)
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Combining (2.12) and (2.14), we obtain
2n+1∑
k=1
(−1)kωk(3k+1)/2
1− ω3k
=
1
2
2n+1∑
k=1
(
(−1)kωk/2
1− ω3k/2
+
ωk/2
1 + ω3k/2
)
. (2.15)
Since
2n+1∑
k=1
(−1)kωk/2
1− ω3k/2
= −
2n+1∑
k=1
ωk/2
1− ω3k/2
+ 2
n∑
k=1
ωk
1− ω3k
,
we have
2n+1∑
k=1
(
(−1)kωk/2
1− ω3k/2
+
ωk/2
1 + ω3k/2
)
= 2
n∑
k=1
ωk
1− ω3k
− 2
2n+1∑
k=1
ω2k
1− ω3k
. (2.16)
Now we split the right-hand side of (2.16) into two identical halfs, one of which reads as
(letting k → 3n+ 2− k)
n∑
k=1
ωk
1− ω3k
−
2n+1∑
k=1
ω2k
1− ω3k
=
3n+1∑
k=n+1
ωk
1− ω3k
−
3n+1∑
k=2n+2
ω2k
1− ω3k
.
Collecting with another half we get
2n+1∑
k=1
(
(−1)kωk/2
1− ω3k/2
+
ωk/2
1 + ω3k/2
)
=
3n+1∑
k=1
ωk − ω2k
1− ω3k
=
3n+1∑
k=1
ωk
1− ω3k(n+1)
1− ω3k
=
3n+1∑
k=1
(
ωk + ω4k + ω7k + · · ·+ ω(3n+1)k
)
.
For any integer d with (3n+ 2) ∤ d, we have
3n+1∑
k=0
ωkd = 0.
It follows that
2n+1∑
k=1
(
(−1)kωk/2
1− ω3k/2
+
ωk/2
1 + ω3k/2
)
= −n− 1. (2.17)
Then the proof of (2.11) follows from (2.15) and (2.17). 
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3 Proof of Theorem 1.2
We begin with the following identity:
n−1∑
k=0
qk
[
2k
k
]
=
n−1∑
k=0
(
n− k
3
)
q
1
3(2(n−k)2−(n−k)(
n−k
3 )−1)
[
2n
k
]
, (3.1)
which was conjectured by Z.-W. Sun and proved by Tauraso in a more general form
(see [12, Theorem 4.2]). By 1− qn ≡ 0 (mod Φn(q)), we have
1− q2n = (1 + qn)(1− qn) ≡ 2(1− qn) (mod Φn(q)
2).
It follows that for 1 ≤ k ≤ n− 1,[
2n
k
]
=
(1− q2n)(1− q2n−1) · · · (1− q2n−k+1)
(1− q)(1− q2) · · · (1− qk)
≡ 2(1− qn)
(1− q−1) · · · (1− q−k+1)
(1− q)(1− q2) · · · (1− qk)
(mod Φn(q)
2)
= 2(qn − 1)
(−1)kq−
k(k−1)
2
1− qk
. (3.2)
Substituting (3.2) into the right-hand side of (3.1) gives
n−1∑
k=0
qk
[
2k
k
]
=
(n
3
)
q
1
3(2n
2−n(n3 )−1) +
n−1∑
k=1
(
n− k
3
)
q
1
3(2(n−k)
2−(n−k)(n−k3 )−1)
[
2n
k
]
≡
(n
3
)
q
1
3(2n2−n(
n
3 )−1)
+ 2(qn − 1)
n−1∑
k=1
(−1)k
(
n− k
3
)
q
1
3(2(n−k)
2−(n−k)(n−k3 )−1)−
k(k−1)
2
1− qk
(mod Φn(q)
2). (3.3)
Furthermore, letting k → n− k in the following sum gives
n−1∑
k=1
(−1)k
(
n− k
3
)
q
1
3(2(n−k)
2−(n−k)(n−k3 )−1)−
k(k−1)
2
1− qk
=
n−1∑
k=1
(−1)n−k
(
k
3
)
q
1
3(2k
2−k(k3 )−1)−
(n−k)(n−k−1)
2
1− qn−k
. (3.4)
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For 1 ≤ k ≤ n− 1, we have
q
1
3(2k
2−k(k3 )−1)−
(n−k)(n−k−1)
2
1− qn−k
=
q
1
3(2k
2−k(k3 )−1)−
n(n−1)
2
−
k(k+1)
2
+nk
1− qn−k
≡
(−1)n+1q
1
3(2k2−k(
k
3 )−1)−
k(k+1)
2
1− q−k
(mod Φn(q))
=
(−1)nq
k
3 (k−(
k
3 ))−
(k−1)(k−2)
6
1− qk
, (3.5)
where we have used the fact that qn(n−1)/2 ≡ (−1)n+1 (mod Φn(q)).
Combining (3.3)–(3.5), we obtain
n−1∑
k=0
qk
[
2k
k
]
≡
(n
3
)
q
1
3(2n
2−n(n3 )−1)
+
2(qn − 1)
1− q
n−1∑
k=1
(
k
3
)
(−1)k
[k]q
q
k
3 (k−(
k
3 ))−
(k−1)(k−2)
6 (mod Φn(q)
2). (3.6)
It follows from (1.5) and (3.6) that
n−1∑
k=0
qk
[
2k
k
]
≡
(n
3
)
q
n
2
−1
3
(
q
n(n−(n3 ))
3 −
n−
(
n
3
)
3
(qn − 1)
)
(mod Φn(q)
2). (3.7)
By the binomial theorem and n−
(
n
3
)
≡ 0 (mod 3), we have
q
n(n−(n3 ))
3 = (1 + qn − 1)
n−(n3 )
3
= 1 +
n−
(
n
3
)
3
(qn − 1) +
(n−(n3 )
3
2
)
(qn − 1)2 + · · ·+ (qn − 1)
n−(n3 )
3
≡ 1 +
n−
(
n
3
)
3
(qn − 1) (mod Φn(q)
2). (3.8)
Then the proof of (1.6) follows from (3.7) and (3.8).
4 Proof of Theorem 1.3
Let i+ j = m. Then
n−1∑
i=0
n−1∑
j=0
qj
2+i+j
[
i+ j
i
]2
=
n−1∑
m=0
m∑
j=0
qj
2+m
[
m
j
]2
+
2n−2∑
m=n
n−1∑
j=m−n+1
qj
2+m
[
m
j
]2
.
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Note that for n ≤ m ≤ 2n− 2 and m− n + 1 ≤ j ≤ n− 1,[
m
j
]
=
(1− qm)(1− qm−1) · · · (1− qm−j+1)
(1− q)(1− q2) · · · (1− qj)
≡ 0 (mod Φn(q)),
because the numerator contains the factor 1−qn and all of the factors of the denominator
are relatively prime with Φn(q). It follows that
n−1∑
i=0
n−1∑
j=0
qj
2+i+j
[
i+ j
i
]2
≡
n−1∑
m=0
m∑
j=0
qj
2+m
[
m
j
]2
(mod Φn(q)
2).
Furthermore, by the q-Chu-Vandermonde summation formula (see [1, (3.3.10)]), we get
m∑
j=0
qj
2
[
m
j
]2
=
m∑
j=0
qj
2
[
m
j
][
m
m− j
]
=
[
2m
m
]
.
Thus,
n−1∑
i=0
n−1∑
j=0
qj
2+i+j
[
i+ j
i
]2
≡
n−1∑
m=0
[
2m
m
]
(mod Φn(q)
2). (4.1)
Then the proof of (1.7) follows from (1.6) and (4.1).
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